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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
Multiscale fatigue crack growth model (MFCGM) can provide better explanation for the multiscale effects on the process of 
superalloy fatigue. Transitional functions that account for material, loading and geometry effects are incorporated in the MFCGM 
and play vital role in the proposed model. They are the reflection of the combined microscopic and macroscopic effects. Though 
validity of transitional functions has been proved in former research, there are still a few critical issues to be clarified. The 
biggest conc rn is the assumption of in easing or de reasing trend of transitional curves. It is un ni ble that the ge eral trends 
of these curves agree with the physical phenomena of material degrada ion, loading restriction and size ffects. However, 
coefficients i  transitional functions remain to be specified. Und r current circumstance, it is almost impossible to identify these 
scale parameters. Nevertheless, it is still feasible to employ appropriate coefficients and vary each of the three transitional 
functions. Variation of transitional functions correspondingly leads to the change of fatigue life of superalloys. Experimental 
fatigue data of 2024-T3 Al sheets is adopted to modify transitional functions related to material, loading and geometry. Thus the 
most reasonable and appropriate set of transitional functions are determined. It is found that transitional coefficients  ζ η d  an λ
play different role in fatigue crack growth behaviors. Particularly emphasized is the geometric coefficientλ . A set of transitional 
coefficients are determined such that fatigue crack growth of 2024-T3 Al sheets can be best described and explained. The 
proposed approach potentially offers the possible reference for engineering safety designs.  
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Nomenclature 
a                  half crack length 
B, m                  empirical parameters of da model /dN- SΔ
kc                      kilocycles 
MFCGM           multiscale fatigue crack growth model 
SED                  strain energy density 
TCL                  transitionalized crack length 
  ζ η λ               transitional coefficients for material, loading an geometry transitional function 
maμ  miμ            macro and micro stiffness of material 
 mi            macro stress and local restraining stress maσ σ
              stress amplitude and mean stress aσ mσ
d dma mi             macro crack length and microscopic size feature  
, , dμ σ              transitional functions for material, loading and geometry 
kma                    dimensional compatibility factor 
SΔ                    incremental strain energy density factor 
1. Introduction 
Fracture mechanics grew out of necessity to address the failures in engineering designs and practice. Thus it is 
expected to evolve over contemporary scientific and technological progress. Universally recognized nowadays is 
that the macroscopic properties are no longer adequate in the process of multiscale material damage (McDowell and 
Dunne, 2010). Material inhomogeneity tends to be largely manifested while the scale size reduces. The macroscopic 
singularity r is no longer applicable, which necessitates introducing multiscale approach in fracture mechanics.  0.5−
 
a                                                                         b 
 
 
 
 
 
 
 
                                             
 
Fig. 1. (a) Scale segmentation; (b) Scale segmentation of multiscale hierarchy (Sih and Tang, 2007). 
 
The hierarchical model of fracture mechanics by Sih and Tang (2004, 2005, 2006 and 2009) invokes the concept 
of multiscale brought up in the past decades, compare Figs. 1(a) and 1(b). Efforts made before are more or less short 
of the capability of connecting results between two distinctively different scales. Scale segmentation is made and the 
singularity order varies at various scale ranges. Despite the micro-irregularities of systems emerging from 
crystallization, phase changes and so on, the three fundamental variables are defined by Sih (2004). They are 
respectively referred to material, loading and geometry effects. Take micro-macro scale range as example, the three 
normalized parameters stand for micro and macro material stiffness ratio, the ratio of external load and 
material restraining effects, as well as micro-macro characteristic length ratio. The micro/macro interaction effects 
are thus reflected through the combined . The transition from micro to macro is dependent of specific 
, , dμ σ∗ ∗ ∗
∗, , dμ σ∗ ∗
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material properties, load type and geometry size. The so called transitional effects in the micro/macro crack 
propagation are firstly proposed in multiscale crack model, which lays the foundation for further modification and 
improvement. 
Recently, a new multiscale fatigue crack growth model (MFCGM) is formulated by Sih (2014), Sih and Tang 
(2014), based on strain energy density (SED) criterion (Sih, 1974, 1991). SED criterion is more flexible in 
describing multiscale behaviors of fatigue crack growth. The strain energy is stored in a volume element ahead of a 
crack tip that is a quadratic form of stresses. The strain energy is reserved either at the microscopic or macroscopic 
scales. The flexibility and adaptability of SED makes it perfect factor for multiscaling problems, and is further 
applied to the evolution of cracks and notches by Berto et al. (2009, 2014) and Tang (2011, 2013).  
In the MFCGM, transitional functions (TF) are redefined and formulated from SED. The non-homogeneous 
physical property is accounted by μ . The Restraining effects of loading are reflected by 2(1 )σ− and microscopic 
geometric effects are accounted by .  The role of three transitional functions is to connect the results of micro and 
macro specimens. In previous studies by Tang (2015, 2016), MFCGM of da
0.5d
/dN- SΔ is formulated and material 2024-
T3 and 7075-T6 Al sheets are adopted to investigate the fatigue behaviors at micro-macro scale range. The 
transitional functions are assumed to be monotonically decreasing or increasing, thanks to the phenomena of 
material physical degradation. However, since certain assumption is made to the coefficients or index in the three 
transitional functions, seeking for the most appropriate coefficients seem not to be avoided. This paper is focused on 
the influence of variational transitional functions on fatigue crack growth behaviors in 2024-T3 Al sheets. Material, 
loading and geometry effects are studied, respectively. Particularly addressed is the transitional coefficient in the 
geometric transitional function. Highlighted is the variation of transitional function and its influence over fatigue 
crack growth behaviors of 2024-T3 Al sheets. 
d
2. Statement of multiscale fatigue crack growth model 
The multiscale fatigue crack growth model is derived based on the SED criterion. The crack growth rate relation 
is reminiscent of the da/dN- SΔ da/dN- KΔ  model in traditional linear fracture mechanics. In this section, 
Expressions of at the range of micro-macro is elaborated since the present work is stipulated to micro/macro 
transition. Transitional functions are particularly addressed for the next section. 
SΔ
2.1. Mi-ma scale range of MFCGM 
The mi-ma scale range of MFCGM takes the form of da/dN- SΔ  as follows: 
= ( )mda B
dN
ΔS                                                                    (1) 
Not surprisingly, it takes very similar form as da/dN- KΔ model. However, the differences lie in the expression of 
which is the incremental strain energy density factor. SΔ SΔ can be regarded as the energy released when the crack 
extends by the amount . r a= Δ SΔ is expressed as follows: 
2 0.5(1 )mama mi a m mi mak S a dσ σ μ σ−Δ = −                                                          (2) 
where ma is the normalization factor that satisfy dimensional compatibility on both sides. The exponent for mi  
corresponds to , the order of stress singularity for the maro-crack. a
k maa −0.5r− σ is stress amplitude and mσ is the mean 
stress. The three transitional functions ( , , )dμ σ are incorporated in the expression of SΔ which is a combination of 
transitional functions as well as ordinary parameters.  
2.2. Transitional functions 
Transitional functions are defined for the transitional effects in multiscale fatigue crack growth model. They are 
denoted as follows: 
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= ,ma/mi ma miμ μ μ μ= / = ,ma mi ma mi=σ σ σ σ / =ma mi ma mid dd = d                                    (3) 
Subscript notations ma and mi stand for macro and micro scales, respectively. maμ  is macro stiffness and miμ  
stands for micro stiffness. The combination of two parameters set up the material transitional function. maσ  is 
the macro stress while miσ  refers to the local restraining stress, which completes the loading transitional 
function. mad is macro length and  mi  is micro length or micro feature scale. Material properties at micro scale 
are assumed to be appreciably larger than macro parameters. The macro stiffness as well as macro stress 
degrades over the fatigue cycles. The micro effects stand out as a result. Therefore, curves of and are 
defined to be monotonically decreasing. Curve of ma/mi is different from the aforementioned ma/mi and ma/mi . It 
is assumed to be monotonically increasing. This is due to the irreversible macro crack propagation. There 
results: 
d
ma/miμμ ma/
σ
σ mid
2=1 ,ma/mi Nμ μ ζ−= 2/ =1 ,ma mi= Nσ σ η− / =1ma mid d N λ+=                           (4) 
in which ζ η andλ refer to the transitional coefficients for material, loading and geometry functions. Their 
values vary over the fatigue cycle life of material degradation. Thus they have to be adjusted according to the 
estimated fatigue life cycles.  This shall be elaborated in the following section. 
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Fig. 2. (a) Fatigue crack growth of 2024-T3 Al sheets; (b) Crack growth rate history (Broek and Schijive, 1963). 
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Fig. 3. (a) Depiction of transitional function material; (b) Depiction of transitional function geometry 
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3. Fatigue crack growth of 2024-T3 Al sheets 
3.1. Variation of Transitional functions 
Two curves of transitional functions are expected to decrease steadily at the early stage and sharply at late stage. 
Estimated fatigue life is necessitated such that the range of transitional functions could be defined. Nevertheless, the 
estimated fatigue life shall be extended to a certain degree based on the experimental life. Fatigue of 2024-T3 Al 
sheets with 24.5MPa of mean stress and 117.5MPa of stress amplitude is assumed to be 450kc. There result the 
following transitional functions with different coefficients. 
−
5 52
/
/
0.4 10 ,0.45 10 ,0.50 10
0.2,0.4,0.6
=1 ,     =
=1 =
ma mi
ma mi
= N
d d N λ
σ σ η η
λ
− −
−
× × ×−=
=λ
− −× × ×−
+ ,   =
                               (5) 
The fatigue life is assumed to continue even the critical crack length is reached. It is recognized that the influence of 
specimen size on crack growth rate cannot be ignored. If the specimen scale is big enough, the crack growth rate 
would be in a more stable fashion. Displayed in Figs. 3(a) and 3(b) are the graphical depiction of transitional 
functions ma/mi  and . They are monotonically decreasing or increasing.  A set of transitional coefficient is 
taken as reference: 
μ ma/mid
5 50.50 10 , 0.45 10 , 0.4=  =ζ η− −× ×                                                           (6) 
That is to say, with two out of the three coefficients fixed, the third coefficient varies among the three values 
indicated in Eq. (5). This would give rise to nine curves of fatigue crack growth history. The aim is to seek for a set 
of coefficients that are mostly appropriate for fatigue test of 2024-T3 with specified loading condition.  
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Fig. 4. (a) log-log plot of da/dN versus at different SΔ ζ  (b) log-log plot of da/dN versus at different SΔ η  
3.2. Linearization of MFCGM 
Empirical approach is taken to achieve the parameters in MFCGM. Therefore, log-log plot is adopted. Fatigue test 
data of 2024-T3 Al sheets is displayed in the form of log-log plots of range in incremental strain energy density 
factor  , versus the fatigue crack growth rate , namely logda/dN vs logSΔ da/dN SΔ . y-intercept and slope of this 
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line are taken to obtain the two empirical parameters B and m in SΔ  model. This is the linearization of MFCGM. 
Recall Eq. (1) and take logarithmic operations on both sides, it renders: 
log( ) = log log( S)da B m
dN
+ Δ                                                                  (7) 
where the exponents of B and m are two empirical parameters. log-log plots of da/dN- SΔ  are presented in Figs. 4(a), 
4(b) and Fig.5 inclusive. 
Table 1. Empirical parameters B and m of fatigue crack model for 2024-T3Al sheets 
Transitional coefficient B m
1
0.2=0.5 =0.45 =ζ η λ  0.000911882 0.600636 
2
0.4=0.5 =0.45 =ζ η λ  0.000553084 0.600636 
3
0.6=0.5 =0.45 =ζ η λ  0.000335463 0.600636 
 
Displayed in Fig. 4(a) is the log-log plot of da/dN versus SΔ at different ζ while the loading and geometric 
transitional coefficients are set to be 0.4=0.45 =η λ . It is noticed that the data point vary little over the change of 
transitional coefficient ζ . diffeThe same happens to the log-log plot of da/dN versus SΔ at rent η while
=0.5 0.4=ζ λ . 
=0.5 =0.45
Overall, the slope remains exactly the same while the y-intercept slightly changes. Variation of 
empirical parameters B and m will be negligible. It is prudent to set the value of transitional coefficients to be 
ζ η while varying λ such that geometric transitional effect is addressed.  Difference can be observed in 
Fig.5. Over the increase of λ , the data points move horizontally. The scatter is appreciable though the slope 
remains the same, the difference of y-intercept can be clearly identified. This gives rise to the empirical parameters 
of B and m in Table 1. 
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Fig. 5. log-log plot of da/dN versus SΔ at different λ while  =0.5 =0.45 ζ η
4. Discussions 
Fatigue test data of 2024-T3 Al sheets are adopted to find the empirical parameters B and m of MFCGM. The 
initial crack size is taken as 2mm. Only micro-macro range is concerned in the present work. Crack length generated 
from is defined as transitionalized crack length (TCL). Displayed in Fig. 6(a) are the plots of comparison 
of test data and TCL at different transitional coefficient
da/dN- SΔ
λ . The first impression from Fig.6(a) would be the TCLs are 
increasing in a more stable fashion compared to the test data. At approximately 300kc, crack length curve of test 
1884 K.K. Tang et al. / Procedia Structural Integrity 2 (2016) 1878–1885
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data turns to rise more dramatically, while TCLs tend to be more conservative. The fatigue life from MFCGM is 
ideally extended to be 450kc. This can be attributed to the limitation of specimen size.  
It is noticed that the blue dot line ( 3 ) fits quite well with the green solid line (test data). The transitional 
coefficient 
=0.6λ
λ cannot be too small. The exponent cannot be set too big either. In this case, =0.6λ is more appropriate 
compared to other numbers 0.2 and 0.4. TCL generated from =0.5 =0.45 =0.6ζ η λ offers a better explanation for 
the fatigue crack growth behaviors from the micro to macro range. 
Graphically displayed in Fig. 6(b) is the comparison plot of test data and crack growth rate generated from 
MFCGM.  Similar curve trends can be observed from Fig. 6(b). The critical crack growth rate of test data is 
approximately 0.6mm/kc around 280kc of fatigue cycles. Slopes of TCL curves tend to be more flat. The crack 
growth rates at =0.2λ ,04 are even more conservative compared to the curve at =0.6λ . The blue line dot curve 
agrees well with the test data and even provides a reasonable explanation for the fast growth behavior found in test 
data.  
In summary, while λ changes, it has appreciable influence over the fatigue crack growth behaviors of superalloy 
2024-T3.  Considering the negligible effects  and ζ η put on, transitional coefficient λ is a more vital index in 
MFCGM. In the case of 2024-T3 Al sheets with 117.5MPa stress amplitude and 24.5MPa mean stress, the 
transitional coefficient is preferred to be =0.5 =0.6 =0.45 ζ η λ . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. (a) half crack length a vs cycles N for 2024-T3 Al sheets; (b) Crack growth rate da/dN vs cycles N for 2024-T3 Al sheets 
 
5. Concluding remarks 
Multiscale approach in fracture mechanics should be a rule rather than exception. Though certain limitations 
cannot be overcome at this point, the MFCGM still can offer better explanation for metal fatigue phenomena. 
Highlighted are the transitional functions that account for material, loading and geometry effects incorporated in 
MFCGM. As much as they are the reflection of the combined micro and macro effects, some assumptions still need 
to be made. In the present work, investigated is variation of transitional functions through three coefficients   ζ η λ . 
By varying each of them, fatigue crack growth behaviors of 2024-T3 Al sheets change accordingly. The main 
findings are summarized as follows:  
• The transitional functions are able to reflect the combined effects of material, loading and geometry. 
• Based on the estimated fatigue life, transitional coefficients and ζ η have little impact on the fatigue behaviors of 
metal alloys. 
• Appreciable influence on fatigue behaviors can be achieved by varying transitional coefficient λ . Choice of λ
neither can be too conservative nor to be too sharp. 
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Last but not least, all fatigue models have their limitations as well as strong merits. No model can possibly claim 
to be complete. Current work on the variation of transitional functions in MFCGM offers a possible perspective to 
study how the scale effects interact at various scale levels. Further investigation at lower scales such as nano-micro 
will be left for our future work. 
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